Introduction to Neural Networks

What are neural networ ks?

* Nonlinear function approximators

How do they relate to pattem recognition/classiftation?
* Nonlinear discriminant functions

» More comple decision boundaries than linear discriminant
functions (e.g. FisheGaussians with equalzariances)

Learning framework for NNs

Unknown mapping G

1 Trainable model I

desired outputs

model outputs

Inputs/outputs

Definitions:

y = G(x) (e.g discriminant function we want to learn)

X = [xl Xo .. xr]T (n inputs)

T
y = [yl Yo .. yn] (m process outputs)

Trainable modd:

z = ['(x,w) (w = adjustable parameters)

-
z = [zl zZ ... sz (m model outputs)

Learning goal:

Find wl! such that:

E(wD) < E(w), Ow,

where E(w) =error between G and I .

What should E(w) be?




Error function (ideal)

I deally,

E(w) = [lly - 2]%p(x)dx

How to compute?

Error function (practical)

I nput/output data: p input-output training patterns
Xq Xp v X
Y1 Y2 - Yp
-
X; = [xil Xip ... xir]
-
Yi = [yil Yig - yinj  Zi =T (%, w).

(yij—zij)2

E(w) = 3
i 1

”M“U
”M'U
M 3

1
yi-z|*=5%
1 i
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Artifi cial neural netw orks (NNSs)

Neural networks are onetype of parametric model I .

* Nonlinear function approximators
* Adjustable (trainable) parametess (weights)

e Map inputs to outputs

Why “Neural Network?”

Biological inspiration

» Structure and function loosely basedhbboiogical neural
networks (e.g. brain).

* Relatvely simple lnilding blocks connected together in
massve and parallel netork.

axon

dendrites

neuron

What does a neuron do?




Neuron transfer function

Rough approximation: threshold function

axon output

net stimulus from dendrites

Neural networks: crude emulation of biology

* Simple basic bilding blocks.
* Individual units are connected magdy and in parallel.
* Individual units hae threshold-type aefation functions.

* Learning through adjustment of the strength of connection
(weights) between indidual units

Caveat Artifi cial neural networks are much, much, much
simpler than biological systems. Example: Human brain:

o 1010 neurons

« 102 connections

Basic building blocks of neural networks

biasunit @, =1 ¢ 0% @

Basic building block: the unit

Q= [(po @ . (p(;|T (scalar inputs)
W= [ooo Wy ... ooq—JT (weights)

y = nonlinear activation function

na
W=y(wlp) = vaz

O
w; @0 (output)
o U




Perceptr ons:

the simplest “neural netw ork”

What isthis?

Threshold activation function

(u)_Ell u=0
Vi Ep u<o
\
R ———
3
=
0

Perceptron output

Per ceptron mapping:

wix >0

1
s

wix <0

Limited mapping capability




More general networks: activation function

_ amoid

V(W) = —=— (dgmoid)
eU _ e—u .

y(u) = (hyperbolic tangent)
e'+e

sigmoid hyperbolic tangent
ﬁ |
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signal flow (feedforward)

More general networks: multilayer
perceptrons (MLPs)

bias unit

bias unit

More general networks: multilayer

perceptrons (MLPSs)
z z y4

hidden unit layer #2

signal flow (feedforward)

hidden unit layer #1

n

MLP application example: ALVINN

30x32 Sensor
Input Retina
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A simple example

Wg

f(x)
c bias unit Y
- 1 X
0 _
ab X

Deriv ation of function f(x)
f(x) = cly(x—a) -y (x—b)]

f(x) = cy(x—a) —cy,(x—Db)

Vi(u) - y(ku) ask - o

f(x) = cy[k(x—a)] —cy[k(x—Db)] forlarge k.

Z = W5+ WY (W + W,yX) + W,y (w3 + W,X)

Weight values for simple example

W, W, Wy W, Wg Wg W,
set
1 —kb k —ka k 0 —C c
set
4 —ka k —kb k 0 C —C

Some theoretical properties of NNs

Single-input functions: what doesthe previous example say
about single-input functions?
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Multi-input functions: universal function
approximator?

Doesthe single-input example hold in general?

Neural networks in practice: 3 basic steps

1. Collect input/output training data.

2. Select an appropriate neural network architecture:
* Number of hidden layers

* Number of hidden units in each layer

3. Train (adjust) the weights of the neural network to mini-
mizetheerror measure,

E =

IIM-o

1
5> [vi-z?
i=1

Neural network training

Key problem: How to adjust w to minimize E?

Answer: usederivative information on error surface.

E(w)

Gradient descent (one parameter)

1. Initialize w to somerandom initial value.
2. Change w iteratively at step t according to:

@(t+1) = w(i) -ngics

Implieslocal, not global minimum...




General gradient descent

1. Initialize w to somerandom initial value.

2. Change w iteratively at step t according to:

Simple example of gradient computation

Computeg% for the neural network below:
4

Sngletraining pattern

(X, yU
w(t+1) = w(t) —nOE[w(t)]
T E = 5(y-2)2
DE[w(n)] = [E__OE _ OE "5
0w, (1) dw,(t) awq(t)
bias unit
1 X
Derivation Derivation

Generalization to multipletraining patterns:

g—';:ai[zz(y.—z)} zaw[ -2

i=1 i=1

net; = w; + W,X

net, = Wy + W,X

h, =y(net,)

h, =y(net,)

Z = wg+ wghy + w;h,

0E
0w,

0E ”etzm
0w, 2 y) %”etzg

—(y— 2)

6004




Derivation

netl =W, + WyX

net2 =W, T Wy X

h, =y(net;)
Wg
h, = y(net,)
Z = wg+ wghy + wsh,
1 O
ai = (Z— )@Z h2 netZD X
0w, y Loh,L9net ow, U
oE _ _ .
E = (z-y)w,y'(net,)x

Generalization: Backpropagation

Key problem: Generalize specifi result to compute
derivatives in more general manner

Answer: Backpropagation algorithm [Rumelhart and
McClelland,1986].

» Efficient, algorithmic formulation for computing error
derivatives

» Gradient computation without hardcoding @latives
(allows on-the-# adjustment of NN architectures).

Backpropagation derivation
hj Ey(netj)

netj = % hkookj

0E _ @E rfnelig
doy;  Lonetllouy; U

unit i

Backpropagation derivation: output units
1 m

5 296 _WEmM% [
K™ onet, [z [Tonet,[




Backpropagation derivation: output units

Ol

5 20 _ @EM% [
K™ onet,  [dz[Lonet,[

z, = y(net,)
0z, o
onet, vi(ne)
oE
ﬁ( = (.= Y)

Backpropagation derivation:output units

% 5 =OE _ WEM%
K™ onet, ~ [dz[Tonet, [

o = (z,—y,)Y'(nety)

oE

— = 9&.h
0wy K

0E  _ <mE et
anetj Eb_netlEQ?netjD
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Backpropagation derivation: hidden units

_ |j3netID

net, = Zwsly(nets)
S

onet,
= w;y'(net)

onet, -

6j = Zél oojly'(netj)

Backpropagation derivation: hidden units

Backpropagation summary

Output units:

oE
—— =9d5.h
0wy K

O = (z,—y )Y (net,)

Hidden units;
0E _
aw; oM

o b~ W DN P

Basic steps in using neural networks

. Collect training data

. Preprocesstraining data

. Select neural network architecture
. Select learning algorithm

. Weight initialization

. Forward pass
. Backward pass

. Repeat steps 6 and 7 until satisfactory model isreached.




The Forward Pass

. Apply an input vector x; to network.

. Computethe net input to each hidden unit (netj) :
. Compute the hidden-unit outputs (hj) :

. Compute the neural network outputs (z,) .

The Backward Pass

1. Evaluate o, at the outputs, where,

6k = 0E/6netk

for each output unit k.

2. Backpropagate the & valuesfrom the outputs back-
war dsthrough the neural network.

3. Compute 0E/dw, .

4. Update weights based on the computed gradient,

w(t+1) = w(t)-nUE[w(t)].

Practical issues

. What should your training data be?

Sufficient training data?

Biased training data?

Deterministic/stochastic task?
Stationary/non-stationary?

. What should your neural network ar chitecture be?
. Preprocessing of data.

. Weight initialization — why small, random values?

Practical issues (continued)

5. Selecting the leaning parameter

In gradient descent:
w(t+1) = w(t) -nUE[w(t)]

what should n be?

Diffi cult question to answer..




Selecting the learning parameter: an
example

Sampleerror surface: E = 20w$ + w3 (realistic?)

Selecting the learning parameter: an
example

Where is the minimum of this “error surface?”

E = 20w? + w3

How many steps to comergence? (/E <107%)
» Different initial weights

» Different learning rates

Deriving the gradient descent equations

E = 20w? + w3

Gradient?
OE = 40w, 9E = 2w,
0w, 0w,

Gradient descent?

W (t+1) = wl(t)—n(%lE(t)
wy(t+1) = w,(t)(1—-40n)

wy(t+1) = wy(t)(1-2n)

Convergence experiments

Initial weights: (w,, w,) = (1, 2)
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A closer look

A closer look

n = 0.02 n = 0.04
Wy 92
. cbl . bol .
A closer look What happens at n>05?
Gradient descent equations:
n = 0.05
2 wy(t+1) = w,(t)(1-40n)
Wy(t+1) = wy(t)(1-2n)
02 Similar to fixed-point iteration:

-05

-15

w(t+1) = cw(t)
« divemes for|c| >1, w(0)#0

» cornvemes for|c|| <1.




Convergence of gradient descent equations
wy(t+1) = w,(t)(1-40n)
Wy(t+1) = wy(t)(1-2n)
requirethat:
[1-40n| <1
-1<1-40n<1

0<n <005

Why not [1-2n| <17?

Mo

Learning rate discussion

Problematic error suates: “long, steep-sideadheys”

If learning rate is too small, sloconvergence. If learning
rate is too lage, possible dergence.

Theoretical bounds not possible in general case (only for
specift, trivial example).

tivation for looking at more adwanced training

algorithms — doing more with the gradient information.
Any thoughts?

Practical issues (continued)

6. Pattern vs. batch training

7. Good generalization

X X

» Suficiently constrained neural netvk architecture.

¢ Cross walidation.

NN error

Good generalization: Two data sets

cross-validation data

training data

training time

early stopping point




