Conjugate gradient training algorithm

So far:

e Heuristic impraoements to gradient descent (momentum)

» Steepest descent training algorithm

¢ Can we do better?

Next: Conjugate gradient training algorithm
* Overview
» Derivation

» Examples

Steepest descent algorithm

Definitions:

© W = weight \ector at step .

* g; = DE[w;] = gradient at step.

. dj = search direction at stgp

Steepest descent algorithm

1. Choose an initial weightectorw, and letd; = —g, .

2. Perform line minimization alongj , ] =1, such that:

E(w; + ntd;) <E(w; +nd;), On.
3.Let w,; = w;+nld; .
4. Evaluateg; | ; .
5. Letdj+1 = _gj+1.

6.Let ] = j+1 and go to step 2.

Remember pre vious e xamples
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Remember pre vious e xamples
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E(0y, 0,) = 1—exp(—5wf - wj)

Steepest descent algorithm e  xamples
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steepest descent steepest descent
15 steps to carergence 24 steps to carergence
quadratic non-quadratic

Conjugate gradient algorithm (a sneak peek)
1. Choose an initial weightectorw, and letd; = —g, .
2. Perform a line minimization alongj , such that:

E(w; + nEUj) <E(w; +nd;), On.
3.Letw;,; = w;+nlld;.
4. EBvaluateg; | ; .
5.letd;,; = —g;,,+B;d; where,
ng+ 1(9j +17 gj)

nggj

j +1 and go to stef.

Bj:

6. Let |

Conjugate gradient algorithm (sneak peak)
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conjugate gradient conjucate gradient
2 steps to corergence 5 steps to coregence
quadratic non-quadratic




Conjugate gradients: a first look

SD vs. CG
In steepest descent:

Key difference: new searh direction glw(t+1)]Td(t) =0
Very little additional computation yer steepest descent). (What does this mean?)

 No more oscillation back and forth.
(t+1)
£ "\
MV contours of
] constant £
Key question: /
e Why/How does this impree things? v&
= ,tn
();ﬁfég
g T

Knowledge of local quadratic poperties of error surface...

a first look How do we ac hieve non-interf ering
directions?

FACT:

Conjugate gradients:
Non-interfering dir ections:
g[w(t+1) +nd(t+1)]Td(t) = 0,n=0
(What the #3@# does this mean?)

glw(t+1)+nd(t+1)]Td(t) = 0,n 20
implies

d(t+1)THd(t) = 0 (H-orthagonality, conjugacy)

d(f)
gTd“’ =0
X
da’ \\ w? Hmmm ... need to pay attention to 2nd-order poperties of
\ error surface...
\
E(w) = E;+bTw + %WTHW




Show H-or thogonality requirement

Approximate g(w) by 1st-order Taylor approximation
about wy:

g(w)T=g(wp) T + (W —wg) TO{ g(wp)}

Let wy = w(t+1):

g(w)T = glw(t+1)]T+[w—w(t+1)]TO{glw(t+1)]}

Evaluate g(w) atw = w(t+1)+nd(t+1):

glw(t+1) +nd(t+1)]" = g[w(t+1)]T+nd(t+1)™H

Show H-or thogonality requirement

glw(t+1) +nd(t+1)]T = g[w(t+1)]T+nd(t+1)TH
Post-multiply by d(t):
* Left-hand side:

g[w(t+ 1) +nd(t+1)]Td(t) = 0 (assumption)
* Right-hand side:

g[w(t+1)]Td(t) + nd(t+ 1)THd(t) = 0
nd(t+1)THd(t) = 0

d(t+1)THd(t) = O (implication)

How do we ac hieve non-interf ering
directions?

Proven fact:
g[w(t+1)+nd(t+1)]Td(t) = 0,n=0
implies

d(t+1)THd(t) = 0 (H-orthogonality)

Key: need to construct consecute seach directionsd that
are conjugate { -orthogonal)!

(Side note:What is the implicit assumption of SD?)

Deriv ation of conjugate gradient algorithm

» Local quadratic assumption:
_ T + 2w T
E(w) = Egp+b W+§W Hw

e Assume:

« W mutually conjugte \ectorsd, .

« Initial weight \ectorw; .

Question: How to corverge towl in (at most) W steps?




Step-wise optimization

w
(wh-w,) = > a;d; (why can | do this?)
i=1

Y,
wl = wy + z a;d;
i=1

j-1
W= w, + Z a,d,;
i=1
w

. = .+ 0O.0.
j+1 = Wy od;

Linear independence of conjugate
directions

Theorem For a positive-defnite square matrix H, H -
orthogonal vectors{d,, d,, ..., d,} arelinearly
independent

Proof Linear independence:

a1d1+a2d2+... +0(kdk = 0 iff. a, =0, Oi .

Linear independence of conjugate
directions

Linear independence:
a,d; +o,d, +...+od = 0iff. a; = 0, Oi.
Pre-multiply by diTH :

aldiTHd1+0(2diTHd2+ .. +a,dTHd,

dTHO

orldiTHd1+ a,diHd, + ... +a,d'Hd, = 0

Note (by assumption):diTde =0, 0#j.

Linear independence of conjugate
directions

o, dTHd | +a,dHd, + ... + o, dTHd, = 0
reduces to:
o;dHd, = 0
However:
dHd, >0 (by assumption)
Therefore:

@, =0,i0{L2 ..,k O




Linear independence of conjugate
directions

From linear independence:

* H-orthogonal ectorsd; form a complete basis set.

* Any vectorv can be gpressed as:

w
vV = Zo‘idi
i=1

So, why did we need this esult?

Step-wise optimization

w
(wh-w,) = > a;d; (Ah-hal)
i=1

W
wl = wy + Z a;d;
i=1

j-1
W= w, + z a,d,
i=1
w

. = .+ 0.0.
j+1 = W ad;

So where are we no w?

On locally quadratic surface, can comerge to minimum in,
at most, W steps using:

Wjyq = Wj+ajdj,j ={12..,W}.

Big Questions:

* How to choose step siznej ?

* How to construct conjugie directionsdj ?

e How can we doeerything without computingd ?

Computing the correct step siz

Given: a set ofW conjugate \ectorsd, .

W
(wh-w,) = z a;d;
i=1

Pre-multiply by djTH ;

w

] ]
dTHwH-w,) = dH 0y od0
= O

W
djTH(WD—Wl) =y O(idjTHdi
i=1

e qa;

J




Computing the correct step siz e q;

w
djTH(WD—Wl) =y O(idjTHdi
i=1

By H -orthogonality (conjugacy assumed):

djTH(WD—Wl) = O(jdjTde (why?)

Computing the correct step siz e q;

Also:
- Toy + Ty T
E(w) = Eg+b W+§W Hw

g(w) = b+Hw

At minimum:
g(wt) =0
b+HwU=0

HwlU = —b

Computing the correct step siz e q;

T —_ = a.dT
d, HwO-w,) = a;d;"Hd,
Hwd = —b
So:
T — T
dj (=b-Hw,) = orjdj de
T — T
—dj (b+HW1) = (dej de
_ —djT(b+Hw1)

a.
J dedj

(what'’s the poblem?)

Computing the correct step siz e a;

o. =
J dedj

w; = W1+le(1idi
i=1
Pre-multiply by djTH ;
j-1
dfHw, + 5 o;dfHd, .
i=1

T
dj HWJ-

T — AT
dj ij = dj le.

4ﬁm+pr
o. =
J dedj




Computing the correct step siz e q;

—dT(b+Hw))
% = JdTHd.J
I
g = b+HWj
So:
a. = ﬁ (woo-hoo!)
I dTHd,

I J

Impor tant consequence

Theorem Assuming aW-dimensional quadratic error
surface,

E(w) = Ej+bTw + %WTHW

and H -orthogonal vectorsd,, i 0{1,2, ..., W} :

. = .+ ..
Wi = Wj+a;d
_dTa
o = i
J dedj

will converge in at mostW steps to the minimumwUC! (for
what error surface?).

Why is this so?

FACT:

dlg = 0, Ok<j

How is this important?

How is this diferent from steepest descent?

Let’s shav that this is true...

Orthogonality of gradient to pre  vious
search directions

g = b+Hwj
Wj+1 = Wi+ 0y,
So:

9+179 = H(Wj+1_Wj)

(Wi g =Wj) = 00

9j+1-9 = ojHI,




Orthogonality of gradient to pre  vious
search directions

9i+1—9 = ojHd,

_d ng
q.
J dTHd

Pre-multiply by d-T:

djT(gj+1—9j) = a.di"Hd,

djT(gj+1_gj) = B#EU'THd'

Orthogonality of gradient to pre  vious
search directions

D—dTg
T - lryT
dj (gj+1—gj) [dTHd [U Hd

So:
djT(gj +1_9j) = —djng
dfg+1-dj'g = ~djlg
djT9j+1 =0

dEg,- = 0, k = -1 (need to show for ak<j)

Orthogonality of gradient to pre  vious
search directions

9+1-9 = ojHd,

Pre-multiply by d] :
d;(gj”—gj) = O(jdEde .
d;f(gjﬂ—gj) = 0 (why?)

0Tg; 1 = dfg;, k<]

Orthogonality of gradient to pre  vious
search directions

d/gj.1 = 0
dgg 1 = digy, k<]
« By induction: dlzgj =0, Ok<j
e For example:

di_19;+1 = di_19
dl_1g =0

41941 =0




So where are we no w?

On locally quadratic surface, can comerge to minimum in,
at most, W steps using:

Wi, q = Wj+0(jdj,j ={12 .., W}.
—dTa

]

' dHd,

Remaining Big Questions:

* How to construct conjugie directionsdj ?

* How can we doerything without computingd ?

Constructing conjugate directions d

Theorem Let dj be defned as bllows:
2. Let,
dj+1 = _gj+1+Bjdj j=z1,
_ 9+ aHd;
i T T4THd.
dj de
This construction generatesW mutually H -orthogonal

vectors, such that:

dTHd; = 0, Oi #j.

Constructing conjugate directions d,: Part |

First goal: Show that,

dT

JoHd; = 0

Begin with:
djvq = =G0+ B,
Pre-multiply by djTH ;

T = —d/f .’
dedj+1— dJng+1+BJdJde

Constructing conjugate directions d,: Part |

T — T T
difHd;,; = —dj'Hg; , ; + B;d;HA,

_ g4 1Hd
i T TATHA,
dj de
So:
ol Hd.[O
T — _ 4T 1+l )T
dj deJrl = dj ng+1+D[+——djTde %dj de
djT+1de =0




Constructing conjugate directions d;: Partll Constructing conjugate directions d;: Partll
Second goal, she that: Wi, q = W +opd,
d'Hd; =0 0O d,,Hd; =0, 0i<j So:
Begin with: W1~ W) = a0,
Hw.,,—w) = a.Hd.
d,;=-0,,+Bd ( j+1 J) i
‘ ‘ I Remember that:
Transpose and post-multiply byHd, , i <j: g = Hw, +b
j j
T = T T
di1Hd; = =g o Hd; + BidfHd, HWj, 1 ~W) = g, 1
dl, jHd; = —g, ;Hd; (by assumption) ajHd; = g, ;-9 (why?)
Constructing conjugate directions d,: Partll Constructing conjugate directions d,: Partll

oHd; = gi41-9
1
Hd; = O(_j(gj+1_gj)
df, 1Hd; = —g, ;Hd; (from befoe)

+

So:

1
djT+ (Hd; = _a—ing+ 109 +1—-9)

1
df, {Hd; = _OngT+ 1(9i+1—9)
|

So:

T
dj+1

1
Hd; —gi(g,-llgul—gjllgi)

1 o
djT+1Hdi = _a_i(giT+ 1gj+1_ging+l) 1<)




Constructing conjugate directions d;: Partll Constructing conjugate directions d;: Partll
1 o From construction:
djT+1Hdi = _o_(i(giT+ 1gj+1_ging+1) 1<)
dy = -0;
Now need to shov that: _
di,1 = —-g,1+Bd . j21
g;gj =0, Ok<]j
S0 that we see that:
de = =g+ > 19 (why?)
IS proven. =1
Constructing conjugate directions d,: Partll Constructing conjugate directions d,: Partll
For example: k-1
d, = g, de = -0+ > V9

dy, = -0, +B,dy = —9,-B19

o
w
I

—g3+B,d, = —g3— [3292 -B,B49;1

=1
Transpose and post-multiply bygj ,k<j:
k-1

degi = -9+ > V190 .
=1

k—1

0=-gg;+ 5 v,97gy (why?)
=1

d|Igj = 0, Ok<j (because.)




Constructing conjugate directions d;: Partll

k-1

0=-gyg+ Y V979
=1

dig; = 0, Ok<]

So:

k-1

%Y = > V197 %
=1

Sinced; = —g;:
dig; = —9{g; = 0,j>1 (why?)

99, = 0,j>1

Constructing conjugate directions d;: Partll

k-1

99 = Y Y979 k<] 9{g, = 0,j>1
=1

By induction:

919, = 0 (why?)

993 = V19193 = 0 (why?)
0 (why?)

919,
19, = v.9Tg, = 0 (why?)

919, = Y19/, y

039, = Y1919, +Y,949, = 0 (why?)

Constructing conjugate directions d;: Partll

Thus:
gggj:O,Dk<j
So:
dT,  Hd, = —2(gT Tg 1) = 0,i<]
j+1 i——af(gi+1gj+1—9igj+1)— y 1<)
|

dfHd; =0 O dT,;Hd; =0, Di<]

Constructing conjugate directions d

Where we ae;:

df, ;Hd; = 0 (Part)

dfHd; =0 O dT, Hd; = 0, Di<j (Part

j+1
Does this sha what we want?
djTHdi =0, Oi#]

Kinda...




Constructing conjugate directions d.: the

J
home stretc h

dT, {Hd; = 0 (Part )

j+1

d'Hd; =0 O df, ,Hd; =0, Oi<j (Partll)
By induction:

dJHd, = 0 (Partl)  dJHd, = 0 (Part )

dIHd, = 0 (Partl)  dJHd; = 0 (Partll)

djHd, = 0 (Partll)  djHd; = O (Partl)

Etc., etc., etc...

So where are we no w?

1. Choose an initial weightectorw, and letd; = —g, .
2. Update weight gctor:

=w +ad,j={12 . 4o
Wi, q = W tapd;, ] ={1, ,...,\/\/},0(j = T,
[

3. Evaluategj +1-
ng+ 1de
djTHdj

4. Let dj+1 = —gj+1+[3jdj wherij =
5.Letj = j+1 and go to step.

What's the problem?

So where are we no w?

Remaining Big Question:

e How can we doeerything without computingd ?

Two areas:
9l aHd;
] T
dj de
4
o. =
J dedj

Computing B; without H

- 9aH;
] T
dj de
From eatrlier:
1
de = a_j(gj+1_gj)
So:

_ ng+ 1(gj n 1—gj)
djT(gj + 1—9j)

(Hestenes-Stiefel)

B

or...




Computing B; without H
v = =Gea* B

A= G+ B-19 1

Transpose and post-multiply bygj :

Computing B; without H

_ ng+ 1(gj + 1—gj)
djT(gj +1—9j)

B,

dlg = 0, Ok<j

djng = —nggj + Bj_ldjT_lgj nggj = —djng
Since: So:
dlg; = 0, Ok<]
j T (g ..—0
T = T B = %+1“ﬂ+1 %)(Rﬂm@Rmme)
i% =99 99,
T = 4T
99 = 99
Computing B; without H Computing B; without H
Three choices:
a ng+ 1(9j+1—9j)
i = g7g; 9"+ 1(9;+1—9)
i ¥ B = 1= L (Hestenes-Stiefel)
dj (gj +1—9j)
glfgj =0, Ok<j .
<. B :gﬁ”‘%fl_%)(mﬁm«Rmme)
- 99
941941 9+ 19;
B, = === (FletcherRewes) B, = 12122 (FletcherRewes)
gj'g, 99

Which is best?




Computing «; without H

Key: Replace,

—df'g,
o = —
J dedj

with line minimization.

Computing «; without H

E(w) = E0+bTW+%WTHW
So:
E(w, +od;) = E0+bT(wj +0;d;) +
2w, + o) THw; + o)
OE(w; +o;d;)/0a; = bTolj + (1/2)djTH (w; +a;d;) +
(1/2)(w, +0(jdj)Tde

Computing «; without H

aE(Wj +0(jdj)/60(j = dej +(1/2)djTH(Wj +0(jdj) +
(1/2)(w, +0(jdj)Tde
SinceH is symmetric:
T - T
dj H(Wj +0(jdj) = (Wj+0(jdj) de
aE(Wj+orjdj)/60(j = dej +djTH(wj +0(jdj) =0
dej+djTH(wj+ajdj) =0

dij + djTij +0(jdjTde =0

Computing «o; without H

dij+djTij +ajdjTde =0
So:

T = _d7 .
ijdj de = dJ (b+HwJ)
g, = b+ij

T = _dTa
doj de = dJ 9,

_djng

o, = ——L
J djTHdj

Conclusion: line minimization = Q; computation...




Complete conjugate gradient algorithm
1. Choose an initial weightectorw, and letd; = —g, .
2. Perform a line minimization alongj , such that:
E(w; + O(Eblj) <E(w; +ad;), Oa.
3.Letw;, ; = w;+all.

j j
4. Evaluateg; | ; .

5. Let dj+1 = —gj+1+[3jdj where,

a ng+ 1(gj ¥ 1_gj)
By = 979
i %
6.Let ] = j+1 and go to step.

(Polak-Ribier)

Comments

Exploitation of reasonable assumption about local
quadratic nature of error surface.

Little additional computation beyond steepest descent.
No Hessian computation equired.

No hand-tuning of leaming rate.

In practice, conjugate gradient algorithm must be eset
every W steps.(Why?)

What about violations of H > 0 assumption?

Quadratic e xample
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steepest descent conjucate gradient
15 steps to carergence 2 steps to corergence
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Nonquadratic e xample

E(w;, 0,) = 1—exp(-5wf - wj)




Nonquadratic e xample

e A
W W)

Wy Wy

steepest descent
25 steps to corergence

conjugate gradient
4 steps to corergence

(g, w,) = (0.2,0.5) (why these initial weights’

Nonquadratic e xample
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Region wheeH >0

Nonquadratic e xample (H < 0)

W, Wy

steepest descent
24 steps to corrgence

conjucate gradient
5 steps to coremgence

(g, ®,) = (1,2) (gradient descent — 940 step
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Simple NN training e xample
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Simple NN training e xample

-05

-15

Error convergence

conjugate gradient algorithm

0 50 100 150 200

number of epochs
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Simple NN training e xample

Error convergence
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- conjugate gradient algorithm
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600 800
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Simple NN training e xample
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Error convergence

gradient descent algorithm

conjugate gradient algorithm

2000 4000 6000 8000 10000

number of epochs

A closer look at con vergence




A closer look at con vergence Final NN appr oximation: a closer look

: > Hidden unit outputs ¢, , z, and z;)
93 epochs

06 2 f

04

02 1+

=}
o
N
o
IS
=}
o
=}
o
N
o
IS
=}
o
=}
©
-

08 1

1 1 0!
164 epochs | 200 epochs
06 06 -1
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Final NN appr oximation: a closer look Conjugate gradient conc lusions

Hidden unit outputs ¢, , z, and z;)

2 * Exploitation of reasonable assumption about local
" 2,+2, quadratic nature of error surface.
. 1

05

» Little additional computation beyond steepest descent.

-05

. 15 * No Hessian computation equired.
0 0.2 0.4)( 0.6 08 1 o
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08 e No hand-tuning of learning rate.

* Much faster rate of comergence.
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