Today’s Discussion Review from last time

Review from last time (Sect. 2.1, 2.4) » Assume knavledge of P(w;) and p(x|w;,) for all classes.

* Bayesian decision theory

» Discriminant functions « Bayes Optimal Class#r:
Normal density: (Sect. 2.5, 2.6) Decide w; if P(ooi|x) > P(wj|x), Oj #1 where,
* Normal density function ) p(x|03)P(w))

P(wi|x) =

« Discriminant functions for normal densities pP(x)

Maximum lik elihood estimation: (Sect. 3.1, 3.2) K
p(x) = ¥ p(x|w)P(w)
j=1

Discriminant functions Two-categor y case

Let:

Three choices:
g(x) =94(Xx) —gs(x)

pP(X|w;)P(w,)
p(x)

#1:g;(x) = P(wi|x) =

Bayes Optimal Classifer (Dichotomize):
#2: g;(x) = p(x|w;)P(w,) yes Op ( )

Decide w, if g(x) >0; else decidew, .
#3: 0;(x) = Inp(x]w;) + InP(w,)

g(x) = P(oo1|x)—P(oo2|X)
Bayes Decision Rule: p(x|w;)  P(w,)

Decidew, if g;(x) >g;(x), Oj #i 9(x) = Inp(x|w,) * INP(w,)




Normal (Gaussian) density

One-dimensional (unvariate) density:

S Sl O ol U
p(X) - ,\/Z'[O'exp[_zm o |:|:|

U=E[X] = fo Xp(x)dx = mean

02 = E[(x—p)?] = Iio(x—u)zp(x)dx = variance

o = standard deviation

Let’s confrm integrals in Mathematica...

Univ ariate density

p(x)
A

2.5% 2.5%

w-20 Wp-o 7 u+o u+20

Multiv ariate normal density

p(x) = exp[ 5 (x - TZ (x|

(2-,—0d/2|z| 1/2

M=E[X] = pr(x)dx = mean \ector

ZEE[(x-W(x-W)T] = JOx =) (x - W) Tp(x)dx =
covariance matrix (symmetric, = >0)

d = dimension

p(x) ON(y, Z) (alternate notation)

Multiv ariate density example

X
A




Discriminant functions f or normal density

g;(x) = Inp(x|w,) + InP(wy;)

p(x|w;) = exp[—%(x — ) TZH(x - ui)}

(2-,—0d/2|zi|1/2

1 d 1
Inp(x|wy) = _Q(X — ) TE (X — ) —éln2n—éln|zi|

1 d 1
gi(x) = —é(x—ui)TZi‘l(x—pi)—§In2n—éln|zi| +

InP(w,)

Case 1: 5, = o
Equal, uniform covariance matrices:
1 _ d 1
gi(x) = —Q(x—pi)TZi 1(x—pi)—§In2n—§In|Zi| +
InP(w;)

a1
| = 024,571 = .

g;(x) = 2%‘12(x—pi)T(x—pi) —gInZT[—dlno+ InP(w;)

6:0) = (=) T(x =) + INP(@)
o

Discriminant function (Case 1)
~1
gi(x) = E(X—ui)T(X—ui) +InP(w;)

-1
gi(x) = 27‘2[><T><—2u?><+ '] + InP(wy)

gi(x) = Vg g InP(w,)
o o
gi(x) = wiTx+wiO => linear discriminant function

v WK

Examples (Case 1)
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Non-equal prior s (Case 1)
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Examples (Case 2)

Case 3: z; = arbitrar y
Arbitrary co variance matrices:
1 d 1
gi(x) = —é(x—pi)TZi—l(x—ui) —éln2n—éln|zi| +

InP(w;)

6,(x) = ~3(x~1)TZL(x ) ~5In[Z| + InP()

Discriminant function (Case 3)

6,(x) = ~3(x =) TZL(x - ) - SIn|z| + InP(@)

Quadratic discriminant function:
gi(x) = XTWx +w]x +w;q

I |
Wi = =527 Wi = 2771,

1 1
Wy = —éuiTZi—lui —éln|Zi| +InP(w,)

Case 3 examples
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Case 3 examples (3d)

Case 3 examples (3d)

Case 3 examples (3d)
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Case 3 examples (3d)
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Case 3 examples (3d)

Case 3 examples (3d)
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Case 3 examples (3d)




Case 3 examples (3d)

Multiple regions

Example of decision boundar vy deriv ation

Two normal-distrib uted classesw, , w, (equal priors)

o

6,(x) = —3(x~ 1) I (x ) = 3In[| + InP()

_ 1 1/20 1
g1 (x ——é[xy}{o J@—anz

1
9o(x) = =3 |x (y-2)| {(y 8 2)}

Example of decision boundar vy deriv ation

g,(x) = 95(x)

]

1 1
j-z'”z = —5[x (y-2)] {( i }

y-2)
Y e = a7

X?/2+y?+1n2 = X2+ (y?>—4y + 4)

_ X2 In2n
y = 3 + %_TD (parabola)




Example of decision boundar Yy deriv ation
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Other derivations: Mathematica..




