Markov property
Up to now:
* Assumed statistical independence of data

e For X = {xl,xz, ...,xn}:

P(xl.|xj) = P(xj) , Vi#].

Now, Markov assumption:

P(x[|x[_1,xt_2, X)) = P(xt|xt_l)

Observable Markov models
Can directly observe state (nothing hidden)

N states with probabilistic transitions a, :

Three-state example:

Observable Markov model parameters
* g, = state of system at time ¢

e State-transition matrix:

aijEP(qt=Sj|qt—l =Si)’ i,jE {1, ,N}

a]] a]2 DY a]N

a a ..o a
4= | P2t 922 2N

_aNl aN2 e aN[\/_

* [Initial-state probabilities: 7, = P(q, = §,)

Observable Markov models

Markov chain is completely defined by {A, 7} .

Assume Markov chain is stationary ({A, 7w} are fixed).




Probability of observation sequence
Assume observation sequence O of length 7':
0 = {4193 - a7}

and a Markov model A = {A, t}.

Computing P(O|L):
P(O|N) = P(qy) XP(q2|q1) X ... XP(qT|qT_1)

P(O|A) = @

Xa X
q,

... Xa
919> (qT,l)qT

0.4 0.3 03
A=1020602)T=
0.1 0.1 0.8

O = {8355 855,555 5,, 8,
Probability P(O|1) :
P(O[A) = m3az3az3a3,a11a 3a3)d,;
P(O|A) = 04x0.8x0.8%x0.1x0.4x0.3x0.1x0.2

P(O|A) = 6.144 X 1075

Maximume-likelihood estimate

Given:
e Observation state sequence O

what are the maximum-likelihood estimates of {A, w} ?

Maximum-likelihood estimate
Given:
* Observation state sequence O

what are the maximum-likelihood estimates of {A, w} ?

Maximume-likelihood estimates:

number of transitions from state S ; to state S ;

a.. = —
t number of transitions from state S ;

1, if q, = Sl.
T. =
0, otherwise




Example

O ={2233311333333333333333333333112222233121333333
33332132332223322222222222113312222222221112221113

33333)

Number of transitions from S ; to S It

. 7 45
A =15 927 4| = normalize rows =

4 4 40

0.438 0.250 0.313
A*=10.139 0.750 0.111
0.085 0.085 0.830

Hidden Markov models (HMMs)

* Underlying state no longer directly observable.

e Each state has probability distribution of observables
associated with it.

*  Two types:
* Discrete output

* Continuous output

Discrete-output HMM example

Hidden Markov model:

Sample observation sequence:

o0 0O0O0OGOOBODOOOBGOO®O

Continuous-output HMM

Hidden Markov model:

Sample observation sequence: X = {x },7 = {I,...,T}.




Why discrete-output HMMs?

*  Much more computationally efficient

* Combine with VQ to model/classify real data

Hidden Markov model applications

. Speech recognition

. Language modeling

. Gesture recognition (e.g. sign language)

. Hand-writing recognition

. Facial-expression recognition (e.g. sign language)
. Human skill modeling (e.g. surgical procedures)

. Human control strategy analysis (e.g. driving)

. Robot control (e.g. autonomous driving)

. And others...

O 00 3 O Lt B W N =

Discrete-output HMM parameters
Definitions:

e §; =state i; g, = state of system at time #

* V= observable % ; 0t = observable at time ¢

HMM parameters:
e N X N state-transition matrix A :

=P, =S[a,_1=S),ije{l,...N}

* N XL output probability distribution matrix B :

b(k)=P(O,=v|g,=S),j€ {1,..N}, ke {1,....k}

Discrete-output HMM example

Hidden Markov model:

B output probability matrix:

1/4 3/5 1/5]|(red)
B = |1/4 1/5 3/5|(green)
1/2 1/5 1/5|( )




Hidden Markov models: 3 basic problems
Definitions:
c 0={0,},t=A{1,...,T}
e A = {A, B, n} =hidden Markov model
1. Evaluation: Compute P(O|1).
2. Decoding: Compute most likely state sequence O* :

O* ={q,}.t ={1,...,T}.

3. Training: Compute maximum-likelihood estimate A* :

P(O|L) < P(O|A*), YA

Sample HMM system

| 68888 "
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Quantization
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Evaluation problem
Given:

c 0={0,},t={1,...,T}

e A = {A, B, n} =hidden Markov model
Compute: P(O|L)

Obstacle: don’t know underlying state sequence O = {g,}

Evaluation problem
For a specific underlying state sequence:

T T
PO|Q. M) = T P(O]a, %) = []b,(0)

[:1 tzl

P(Q|M) = m

T
a, a ...a =T a
41 49192 49293 dr-14r qln qi-14;
t=2
(same as observable Markov model)

P(0. Q[A) = P(O|Q.MP(Q[M)

P(OIM) = Y P(0, Q%) = Y. P(0]Q, MP(Q[A)
0 0




Evaluation problem Evaluation problem

P(O|M) = Y P(0.Q|A) = Y. P(0]Q. MP(Q|)
P(O[M) = Y P(0,Q[M) = Y. P(0]|Q. MP(Q|A) ¢ ¢
0 0

e NT possible state sequences
What’s the problem with this?

e 2TNT total operations
* Example:
N =5,T =100
2% 100 x 5190 = 1072 operations.

Conclusion: need more efficient procedure...

Forward-backward algorithm Forward algorithm: Initialization (step 1)

» Efficient formulation of evaluation problem (eliminate o, (i) = P(O,q, =S i|k)
repeated computations).

¢ Also useful for maximum-likelihood estimation
(training) problem o, (i) = P(01|q1 =S, MP(q, = Si|k)

o, (i) =nb(0,),ie{l,...,N}.
Define: 1 (7) i0/(0}) { }

a,(i) = P(Oy,....0,.q,= Sl-|7») (forward variable)

B;(i) = PO, (- 0T|q[ =S, A) (backward variable)




Forward algorithm: Induction (step 2)
%y 1() = PO 0y 1G4 = Sj|7‘)
o, () =

N
[ Y. POy, 0,9, = S|MP(a, | = Sj[4, = S, x)} X

i=1

P(0t+l|qt+l = Sj’ 7“)

N
o, () = (Z oct(i)al.j]bj(OtH) cte{l,... T},
i=1
je{l,...N}.

Forward algorithm: induction diagram

t t+1
o, (i) 0)

Forward algorithm: Completion (step 3)
By definition:
o(i) = P(Oy,...,0,q,= S.|k)
so that:
N
P(O|L) = ) ag(i)
i=1
e N2T total operations (compare to 27N7)
e For N =5,T=100:

52x 100 = 2500 operations.

Forward algorithm (complete)
(i) = P(Oy, ..., 0, q,= 5;|N)
1. Initialization:
o, (i) = m;p(0,), i€ {l,...,N}.

2. Induction:

N

o, () = {Z oct(i)aijjbj(OHl), te {1,...T}.
i=1

3. Completion:

N
POIN) = Y o)

i=1




Backward algorithm (complete)
B(D) = P(O, .- O7]q,= S M)
1. Initialization:

Bri)=1,ie{l,....N}.
2. Induction:

N
B(D) = X @b (0, DB, (), 1€ {T=1, .., 1}

j=1

3. Completion:

N
POIN) = Y o, ()B,(i), Vt.

i=1

Hidden Markov models: 3 basic problems

Definitions:

e 0=A{0,},t=Al,...,T}

e A = {A, B, n} =hidden Markov model

1. Evaluation: Compute P(O|L).

2. Decoding: Compute most likely state sequence O* :
O* ={q,}.t ={1,....,T}.

3. Training: Compute maximum-likelihood estimate A * :

P(O|A) < P(O|A*), VA

Training problem: maximum-likelihood
estimates

Suppose I knew the underlying state sequence O = {q,}
corresponding to observation sequence O = {O,}.

Maximume-likelihood estimates:

number of transitions from state S ; to state S i

a.. = — same as
1 number of transitions from state S; (
for observable Markov models)
b (0) number of times in state S ; and observing symbol v,
j =

number of times in state S )

7, = (number of times in state S; at time ¢ = 1)

Training problem: maximume-likelihood
estimates

When we don’t know underlying state sequence:

- expected # of transitions from state S, to state § j
ajj = :

expected # of transitions from state S,

- ted # of ti in state S. & observi bol
bi(k) = expected # of times in state S; & observing symbol v;

expected # of times in state S j

T, = (expected # of times in state §; at time 7 = 1)

How do we get this? EM, but of course...




EM derivation of maximum-likelihodd
estimates

We’ll derive the update formula for «, e

Hidden variables:

1, at time 7, the system transitions from §; to § )

y(i.j) = {

0, otherwise

y(i,j) = number of transitions from state §; to state S ;

Note:

T-1

vij) = Y v,

t=1

EM derivation for 4
More hidden variables:

@) {1, at time ¢, the system transitions from state S ;
YA =

0, otherwise

y(i) = number of transitions from state S

Note:

T-1

yi) = Yy,

t=1

EM derivation for A

Maximume-likelihood estimate in terms of hidden variables:

number of transitions from state S ; to state S ;

a.. = —
L number of transitions from state S ;
T-1
D X (N)
_ y(i, j) _t=1

“WESa) T T
Y v

r=1

EM derivation for A

Replace hidden variables with E[hidden variables]:

T-1

Y v )
a.. = y(l’j) — t=1
PTG T T

Y v

r=1

T-1
Y Ely,(i.))]
R 2 I CY))
Y E>)] T-1
Y Ely,()]

r=1




EM derivation for a
Expression for E[y (i, )] :
Ely,(i,j))] = [0-P(y,(i,j) =0)+1-P(y,(i,j) =1)]
Ely,(i,j)] = P(y,(i,j) = 1)
P(y(i,j)=1) = P(q,= S q;4 1 = $;|O, })
Using Bayes theorem:

P(q,= Sy 4,41 =Sy O|})

P(q[=Si,q[+1=Sj|O,k) = P(0|7\,)

EM derivation for A

P(q,= Sy 4,41 =S5 O|M)

Ely,(i.)] = POTA)

t—1 t t+1 t+2

B

Expression for E[y (i, )]

P(ql‘ = Sl, ql‘+] = Sja 0|7\’)

ELy(i.j)] = o7

So:

o (i) = P(Oy, ..., 0y q, = S| 1)

B[+1(j) = P(Ot+2’ ceey 0T|qt+1 = S], 7\,)

0, ()b, (0, DB 4 1)
P(O[ML)

Ely, (i, )] =

Expression for E[y (i)]
Ely (D] = [0-P(y,(i) =0)+ 1 - P(y,(i) = 1)]
Ely (D] = P(y,(i) = 1)
P(y (i) =1) = P(q, = 5;]0,})

N
P(q,=S;|0. ) = Y. P(q,= Sy 4,41 = 5;|0. M)
j=1

N
P(q, = 5;|0, M) =Y Ely,(i.)]
j=1




EM update formula for A

Iterative update for elements of A state-transition matrix:

T-1
) Y Ely,i.))]
aj = =L
Z Z Ely,(i, )]
where,
o (i)a;b.(0,, DB, , 1()
Ely,(i, )] = /0 DB

P(O|MN)

Simplified expression for EM update
formula: single observation sequence

T-1
1 .
P(0|k) Z o (l)al]bj(0t+ DB 1)

T-1
1

P(TV‘)E’I o, (1)B,(7)

ajj =

Z o (l)azjb](0t+ I)Bz+ 1(])

- r=1
aij =

T-1

Y o, ()B,(0)

t=1

Expression for EM update formula: multiple
observation sequences

Multiple observation sequences: O = {01, ..., 0(M)}

M Tm I

1 m m m
Z P(0(;n)|;\‘) Z (X (l)al]bj(01g+)l)ﬁl‘+]
ij = M : 7,1
Y ——— ) am()B"(i)
m

Z PO T

Hidden Markov models: 3 basic problems

Definitions:

e 0=A{0,},t=Al,...,T}

e A = {A, B, ®} =hidden Markov model

1. Evaluation: Compute P(O|1).

2. Decoding: Compute most likely state sequence O* :
O* ={q,}.t ={1,...,T}.

3. Training: Compute maximum-likelihood estimate A* :

P(O|A) < P(O|A*), YA




Decoding problem

Given:

« 0=1{03,1={1,...T}

e A = {A, B,®} =hidden Markov model

Compute:
e QOF = {g,}.t ={1,...,T} st

P(Q*|0,\) > P(Q|O,\), VO # Q*.

Viterbi algorithm

From basic probability theory:

P(Q.0|))

PIO-M = 5w

Therefore:

Maximizing P(Q, O|A) implies maximizing P(Q|O, 7).

Viterbi algorithm (continued):
Definition:

d,(i) = max
qps -

lP(ql, v q,=8,0q, ..., 0t|7u)

q;_

(what does this mean?)

Recursive relationship:
5,,1() = [max St(i)aij]bj(0t+1)
1

(why?)

Basis of Viterbi algorithm...

Viterbi algorithm (continued):
Initialization:

8,(i) = P(g; =S, 0,[})

8,(i) = m;b;(0,), i€ {l,...,N}

Induction:

8,() = [max 8, _,(i)a;1b,(0)

y,(j) = argmax [St_l(i)al-j],je {1,...,N},
te {2,...,T}




Viterbi algorithm (continued):
Termination:

P*

max P(Q, O|\)
0
P* = m?x 8(i)
qr* = arggnax d,(i)
Path (state-sequence) back tracking:
qF =V, (q,, "), te{T-1,T-2,...,1}

Q*

{7}, 1€ {l,...,T}.

Additional topics (covered in notes)

Update equation for output probability matrix B (very
similar to A matrix).

Scaling of update equations to prevent numerical
underflow.

Continuous-output HMMs
* Much more computationally intensive

» Table lookup replaced by complex pdf evaluation at
every step of forward-backward algorithm

Simple training example

Generated observation sequence of length 10,000 from:

0.9

0.1

0.9

A= (0109 p_ {0109 o _ 0.
0.9 0.1 0.9 0.1 0.5

Trained models for different number of
states






