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NONCOMMENSURATE SYSTEMS IN
ROBOTICS

E. Schwartz,* R. Manseur,* and K. Doty***

Abstract

In certain areas of science and technology, physical quantities of
different natures are combined in a variety of involved mathematical
processes that obscure the interaction of these physical units and
sometimes lead to unreliable results. Noncommensurate systems
are those in which either the input vector or the output vector
contains elements with different physical units. An example is the
control of robot manipulators where position with units of distance
and orientation with units of angle must be combined. Unless
proper care is taken, control systems based on current optimization
techniques may yield inaccurate and misleading results. This article
examines properties of noncommensurate systems and develops
several algebraic properties and requirements for the physical units
involved in the control methods for such systems.
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1. Introduction

Control systems that combine physical quantities with dif-
ferent units present an additional challenge over those that
concern quantities with similar physical units. Recent
developments in control theory have shown that certain
mathematical techniques based on eigensystems, singular
value decomposition, and pseudo-inverses may lead to in-
consistent and erroneous results [1, 2]. Although the rules
for combining physical quantities of different units are con-
sidered largely trivial, many recent advances and mathe-
matical processes have become complex enough to obscure
the interaction of variables of different units, and in some
cases have led researchers astray. The unfortunate loss of
the Mars Climate Observer spacecraft in September 1999
was officially blamed on a mismatch of units between two
separate research centres by the National Aeronautical and
Space Agency (NASA). This incident comes as a costly
reminder of the importance of the physical units in sys-
tem analysis and development and shows that, although
considered by many as a trivial exercise, careful attention
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to interaction between physical units is necessary in any
control system. Other examples of mishandling of physical
units in the mathematical development of systems in the
area of robot manipulator control are given below.

This article also discusses the physical inconsistency of
some noncommensurate systems and presents results and
techniques for ensuring that mathematical developments
involving noncommensurate systems are physically consis-
tent. Omne type of noncommensurate systems familiar to
the authors is the control of robot manipulators where
position with units of distance combines with orientation
with units of angle, and prismatic mechanical joints and
revolute joints are parts of the same robotic structure.

The theory of hybrid control of robot manipulators
developed by Mason in 1978 [3] and further expanded by
Raibert in 1981 [4] has been shown to introduce incon-
sistencies [5-8]. Although the aim of hybrid control is to
produce an optimal solution based on some optimality cri-
terion, the end result is a solution that is nonoptimal with
respect to any fixed criteria and is in fact quite arbitrary.
One major problem is due to the assumption and use of
orthogonality in vector spaces with vectors that include el-
ements of different physical nature. Such nonhomogeneous
vectors do not have a physically consistent Euclidian norm.

The robotics literature [9-14] uses mathematical de-
velopments based on the eigenvalues, eigenvectors, or sin-
gular values of matrices that represent robotic systems
with physical quantities of different nature. The results
of this article indicate the invalidity, in terms of physical
consistency, of such mathematical developments. In par-
ticular, it is shown that systems that combine different
physical units have inconsistent eigenvalues, eigenvectors,
and singular values.

Robot manipulability theory, based on the product of
the manipulator Jacobian and its transpose (JJ7) has now
taken hold within a robotics research community largely
unaware of the physical inconsistency and the arbitrary
nature of this theory in the case of noncommensurate sys-
tems [16-19]. Advanced robotics textbooks teach and dis-
cuss manipulator manipulability, manipulability ellipsoids,
manipulability indexes, and their applications without dis-
cussing the arbitrary nature of such control measures [20,
21].

This article clearly establishes the arbitrariness and
physical inconsistency of manipulability measures based



on JJT and also proposes rules and guidelines for the
mathematical manipulations required to maintain physical
consistency in nonhomogeneous systems.

Noncommensurate systems are introduced and for-
mally defined in this work. It is shown that eigenvalues and
vectors and singular values of noncommensurate systems
are not physically consistent, as they require addition of
quantities of different units. Tests for physical consistency
of a system are established and presented. In robotics in
particular, the manipulator Jacobian, a central analysis
and control tool, is examined in light of the physical units
attached to its elements, and the consequences of using the
Jacobian in robot control and manipulability studies are
discussed. For ease of reference, we start with a definition
of noncommensurate systems.

2. Noncommensurate Systems

We define noncommensurate systems as those involving
physical quantities with different units that are nonethe-
less described and controlled by physically consistent equa-
tions. Physical consistency refers here to the physical
validity of all system equations in the sense of combining
quantities of different units in a meaningful way. Empir-
ically, it is about making sure that "oranges are added to
oranges" and avoiding adding "apples to oranges."

In general, systems fall within one of three broad
categories:

1. Commensurate systems: These are systems that in-
volve only quantities of similar units, whereby the in-
put vector elements as well as the output vector ele-
ments are all expressed in the same physical unit. En-
suring physical consistency in these systems is trivial
since a single unit is involved.

2. Noncommensurate systems: These are the topic of
interest of this work. They involve different physi-
cal quantities and therefore combine different units in
a physically consistent way. It is important to un-
derstand that we include in this category only those
systems with mixed physical units but with equations
that are all physically consistent

3. Non-physically consistent systems: Systems that
have vectors with mixed units and are modelled by
equations that are physically inconsistent. In other
words, the equations that describe the system violate
the "apples added to apples" rule. Non-physically con-
sistent systems arise from mathematical developments
that inadvertently and incorrectly combine different
units and are, in general, not intended.

As a simple example of a noncommensurate system, the
velocity vector V of the end-effector of a robot manipulator
is related to the joint rates vector ¢ by the manipulator
Jacobian matrix J in the linear equation V = Jq. The
velocity vector, also known as the twist, V = [v,w]”, is
composed of the linear velocity vector v, with units of
distance/time, and the angular velocity vector w, with
units of angle/time. Vector ¢ may have elements of angular
velocity for revolute joints and elements of linear velocity
for prismatic joints. Physical consistency is achieved by

proper choice of units for the elements of the system matrix
J. To illustrate this point, consider the following example.

Example 1. The robot manipulator defined by the
Denavit-Hartenberg parameters [15] in Table 1 and de-
scribed in Fig. 1 is redundant if only position is considered
in the task space.

Table 1
DH Parameters

Joint|d|a|«a]| 8
1 [ 0]al| 0|61

2 (d2]01(90|0
3 0 |a3|90|63
4 0 |ad| 0 |04

Figure 1. Redundant robot.

Forward kinematics computations yield the end-
effector position vector:

Dz as(c1c3cq + $184) + ascics + arcq
P =py = as(sycacy — c154) + azsics + aysy
D= a453c4 + azsz +dp

where we used the customary notation ¢; = cos(6;) and
S; = sin(Qi).

As position is determined by a minimum of three
degrees of freedom, the robot under consideration, with
its four joints, is redundant with respect to position. This
robot is chosen because it contains prismatic and rotational
joints. The velocity vector of the end-effector frame is given

. o T . . . . .
by v = Jq¢ where v = dgg , %, dé’tz . q=1[01 doy 03 047

is the joint velocity vector and J is the Jacobian matrix of
the robot. The Jacobian matrix is expressed as:

insert Matrix as figure.

In terms of units, all elements of matrix J have units
of length except for the second column, whose elements are
unitless numbers. This makes (1) physically consistent, as
all elements of vector ¢ are in units of inverse time (time™!)
except for the second element, which has units of velocity
(length/time).

Manipulability studies rely on the product JJT, whose
elements are listed here:

JJL = (=s1(csascatasces)+crassy—ars1)*+c3(—szaqcs—
azs3)? + (—ci1c384 + s1¢4)%a2

JJlTQ = (—51(83(1464 + 0,363) + Cc1a484 — alsl)(61(63a464 +
ascs) + s1a484 + ajcy) + c1(—szagcy — azs3)?sy +

(—c1e384 + s104)(—510384 — c104)03



JJlTQ = cl(—33a404 — a333)(03a404 + CL303) — (—010384 +
81¢4)83540%

JJéTl = (—81(03(1404 + agcg) + Cc1a484 — alsl)(cl (03a404 +
azcs) + ayagsy + ajer) + e (—szaqscy — azss)?a; +
(—c1c384 + s1¢4)(—81C384 — c1c4)a3

JJL = (c1(czagcs+asces)+s1agss+aicr)? +s3(—szaqcq —
a3s3)? + (—s1c384 — c1¢4)%a?

JJQZ; = S1(—83G4C4 — a383)(63a404 + a303) — (—816384 —

c1c4)835403

Jng = cl(—53a404 — a383)(03a404 + (1303) — (—010384 +
8384031

JJL = s1(—s3a4cqy — azss)(czascy + azes) — (—s1c3s4 —
c1C4)835403

JJL = 1+ (czascq + azes)? + s3a3s3

Careful examination of the units involved in the above
equations indicates that each element of JJ7 is actually
the sum of a quantity of length-squared added to a unitless
quantity. The unitless quantity is 0 in all elements of JJ7
except in JJL;, where it is equal to 1. This example shows
that the matrix JJ7 does not make physical sense and
represents a non-physically consistent system.

The determinant of JJT (or its square root) is typically
used as a measure of manipulability at the current robot
configuration. Choosing rotational joint values of 6; =
%,03 = %, and 04 = — ¢ rather arbitrarily and computing

6
the determinant of the matrix JJ7 defined above yields:

d= 1.125 agaia3 +.6495a4a3 +.75a3a3a; +.3248a3 a3 +
7307a3as + .25a%a3a3 + .433a3a; + .1406ata2 +
1875a%a3 + 1.172a3a3 + .375a3a? + .1875a3 +
25a%a3 + .2578a} + .433a3a1a2 + .4330a2adas +
.3248a%aza,+.1875a3a,4+1.299a2a, az+.4330aasa3

as the determinant. Again, examination of the units
involved shows that d is not physically consistent, as terms
of units length-to-the-sixth-power are added to terms with
units of length-to-the-fourth-power.

Manipulability theory applied to redundant robots
does not lead to consistent results, as shown in this exam-
ple. The goal of this article is to examine the problems
associated with systems involving physical quantities of
different units and establish a few ground rules for such
systems.

3. Linear Noncommensurate Systems

A vector of elements of unlike physical units is defined as
a noncommensurate vector, also known as a compound or
nonhomogenous vector. A linear system is described by a
linear equation of the form:

y=Az (1)

where = = [21,29,...,2,]7 and y = [y1,y2,...,ym]T are
vectors and A = {a;; }i=1,. n;j=1,..m IS a0 n X m matrix.
Let us assume that z and y in (1) are noncommensurate
vectors. In this section we will determine conditions on
the coefficient matrix A for the system (1) to be physically
consistent. The ith component of vector y is given by:

i =Y aix; (2)
j=1

For consistency, we require that:
units(y;) = units(a;;) units(z;) (3)

for all 4, 5.
Using two distinct terms of the sum (2), for two
elements of y, we get:

Zi = QiT5 + QT (4)

2 = ;T + Qi (5)

for all 4,7, k, I, where units(z;) = units(y;). Manipulating
equations (4) and (5) yields:

iz — akzi = (Qikay — aijak)T; (6)
Physical consistency demands that:
units(a;) units(ay;) = units(a;;) units(ay)  (7)

or:
um’ts[%] = um'ts[%]

, for a;; #0 and a;; #0  (8)
A5 Qg

In other words, if m-2 columns and n-2 rows are eliminated,
the determinant of the remaining 2x2 matrix must be phys-
ically consistent for the system to be noncommensurate.
This result is summarized in a theorem as a verification
test for the commensurate or noncommensurate nature of
a matrix A.

Theorem 1. The linear equation y = Az, where
2z and/or y are noncommensurate vectors, describes a
noncommensurate system if and only if the determinant of
any 2x2 matrix obtained by eliminating all but two rows
and all but two columns of A is physically consistent.

Using three terms from the sum (2) for three elements
of vector y, we get three equations of the form of (4) and
(5). Manipulating these three equations leads to the result
that physical consistency requires that the determinant of
any 3x3 matrix obtained by the elimination of m-3 rows
and n-3 columns be physically consistent for the system to
be noncommensurate.

By induction, we provide that a condition for the sys-
tem of (1) to be noncommensurate is that the determinant
of any ixi matrix obtained by eliminating (m — ) rows and
(n — i) columns must be physically consistent. Another
requirement may be obtained by partially expanding (1)
as follows:

U a1j

=Y (9)
j=1

Unp Anj



It follows that the units of any two columns of A must be
proportional for consistency. This is another expression of
the result of (8) and a simple way to visually evaluate the
possible noncommensurate nature of matrix A.

Corollary 1.1. A matrix A, with elements of different
units, is noncommensurate if and only if the units of any
two columns of the matrix are proportional.

Note that in the case of commensurate matrices, all
elements have the same unit; therefore Corollary 1.1 essen-
tially indicates that a matrix A, whose columns have pro-
portional units, will lead to a physically consistent system
described by (1).

4. Eigenvalues in Noncommensurate Systems

The treatment of (1) in many applied fields requires com-
putation and use of eigenvalues and eigenvectors. In this
section, the physical consistency of eigenvalues and eigen-
vectors is examined and conditions on the coefficient ma-
trix A are established for physical consistency. Let e
be an eigenvector of matrix A, and A the corresponding
eigenvalue; then:

ai; a2 ... Qinp €1
a1 G22 ... Q2p €2

Ae = = )de (10)
an1 Ap2 ... App €n

Expanding:

a1 +aizes + -+ aipen, = ey

ag1€1 + agzez + - -+ + agpen = Aea

(11)
ap1€1 + ap2e2 + -+ + appen = Ae,

As meaningful addition must be with terms of identical
units, the following theorem on the units involved must
hold.

Theorem 2: The equation Ax = Az is physically
consistent if and only if:

units[ag;] units[z;] = unitszy) for all j and k

Direct consequences of this theorem are:
Corollary 2.1: The equation Ax = Ax is physically

consistent only if units[A\] = units|a;;] for all i.
Corollary 2.2: The equation Ax = Ax is physically
consistent if and only if unitsag;|units(ajx] = unitsla?]

for all 4, j, and k.

From Corollary 2.1, any matrix A with a physically
consistent eigenvalue equation must have diagonal elements
with the same physical units and all its eigenvalues must
have those same units.

5. Singular Value Decomposition

Many processes in system control rely on a singular value
decomposition. In this section, the physical consistency of
singular values in noncommensurate systems is examined.
The singular values of matrix A are the non-negative square
roots of the non-zero eigenvalues of the square matrices
AAT and AT A. A test similar to those discussed above on
these matrix products will determine if the SVD of matrix
A is physically consistent.

Let B = AA” or B= AT A and = and X be an eigen-
vector and eigenvalue of B, respectively. From Theorem 1
above, physical consistency requires that:

unitsby;] unitsjz;] = units[\] units[zy) (12)

where B = b;;

tJi=row index, j=column index

For diagonal elements of B, (12) yields units[bgy] =
units[A], which indicates that all diagonal elements of B
must have the same units. If A is an n X m matrix, then
the diagonal elements of B are given by:

Z;n:l aij, for B = AAT

: for all k (13)
Yy ad, for B=ATA

bir =

Therefore, all the elements in the kth row (for B = AAT) or
the kth column (for B = AT A) must have identical units.
As all diagonal elements must also have the same units, the
singular value decomposition is physically consistent only
for commensurate systems.

Theorem 3: Noncommensurate systems do not have a
physically consistent singular value decomposition.
Theorem 3 indicates that any development based on the
singular value decomposition of a matrix with different
units is invalid in the sense of physical consistency.

Example 2: The field of robotics offers an example of
the invalid use of the eigensystem and SVD. Consider a
redundant robot manipulator described by the DH param-
eters of Table 2. This robot has three positional prismatic
joints and a four-joint wrist.

The Jacobian matrix J for this robot is not square,
and the pseudo inverse is typically used in solving kine-
matic equations. The matrix JJ7 is used in the compu-
tation of the pseudoinverse of J, [Ben-Israel 1974] and a
manipulability measure is defined by:

p=1/det(JJT) (14)

Further, Yoshikawa [14] and others [11, 12] define a
manipulability ellipsoid with principal axes in the direc-
tions of the eigenvectors of JJT. FEach axis is given a
length of 1/1/\; where )\; is an eigenvalue of JJ7.

Table 2
DH Parameters for a 3P-4R Robot



Joint | Type| d |a| 0 | «
1 P |d1|0| O |m/2
2 P |d2|0|x/2|7/2
3 P |d3|0| 0 | O
4 R [ 0|0]| 64 |n/2
5 R | 00|65 |n/2
6 R | 0|0]| 66 |7/2
7 r [0]0[6O7| O

For an all-revolute manipulator, the matrix JJ7T is a
6x6 matrix that is physically consistent and can be viewed
as formed with 3x3 block matrices Bi1, B1s, Ba1, and Bas,
that is:

o Bll B12
B21 B22

JJt (15)

Each block matrix has its own physical units. For an all-
revolute robot arm, By has elements with units of length-
squared (length?), By and Bs; have units of length, and
Bys is unitless. Let L stand for units of length and U
for unitless. Then the units of the main diagonal of JJT
are represented by [L? L? L? U, U,U]. As the units of
the elements of the main diagonal are not all the same,
Corollary 1 of Theorem 1 above states that JJT does
not support a physically consistent eigensystem. This
invalidates any development based on the eigensystem of
the matrix JJ7T.

If the manipulator is not all revolute, then the JJ”
matrix is itself physically inconsistent because B11, defined
n (15), has units of [L? + U]. Example 1 discussed above
supports this discussion.

6. Robot Manipulability

The possibility of circumventing the inherent physical in-
consistencies of the manipulator Jacobian by use of weight
matrices is discussed in [8], and application to robot ma-
nipulability is developed in [10]. The use of unit-adjusting
weights on the vectors and matrices of a system to eliminate
the inconsistencies caused by different units is established,
but all results derived from manipulability ellipsoids such
as direction of axes and their lengths become dependent,
not only on the robot structure and configuration, but also
on the chosen weights. Therefore, all manipulability stud-
ies and results should be specified as valid not only for the
current robot configuration and the unit-adjusting weights
but also for the physical units used to describe the robot
structure. A simple example proves this point.

Ezample 3: A robot manipulator described in Exam-
ple 1.1 in [2] is used here to illustrate the arbitrary nature
of manipulability measures in the case of redundant ma-
nipulators with mixed rotational and translational joints.
The DH parameters of this robot are given in Table 3 and

shown in Figure 2 in a configuration where 81 = 120°,
02 = —75°, and d3 = 0.04.

Figure 2. Redundant planar robot.

Table 3

Joint|d| a| a |6 Note
1 0 0.1] O |61 |rotational
2 | 01]0.1]90° |62 |rotational
3 |d3| 0| O | O | prismatic

This robot is redundant if the end-effector position
is the only task requirement. The position is readily
computed as:

x asc12 + dzsia + a1cq
p = =
Y azs12 — dzc12 + a5y

The manipulator Jacobian is:

J —a2812 + d3ci2 — a151 — a2512 + d3ci2512

asci2 + dzs12 + arcrascia + dzsia — ci2

Note that the first two columns of J have units of distance
whereas the third column has no units. Fig. 3 shows
two manipulability ellipsoids. The ellipse on the left is
obtained if the structure of the robot is described using
meters (i.e., al = a2 = 0.1 m and d3 = 0.0707 m). The
ellipse on the right results from using centimeters as the
units of length (i.e., al = a2 = 10 cm, and d3 = 7.07 cm).
In this experiment, the rotational joints values are 6; =
/4, 63 = -7/4 which locates the end-effector close to the
z-axis.

Figure 3. Manipulability ellipsoids.

It is quite clear that the ellipses are very different and
measures derived from them will be equally different, yet
the robot is the same and so is the configuration. The
only difference is the (rather arbitrary) choice of units of
length. Others using inches or feet will get different results
as well. The same ellipses will be obtained assuming that
the units have all been adjusted by using unity weights. As
discussed in [10], the choice of unit adjusting weights only
adds another level of arbitrariness to the manipulability
ellipsoids.

7. Conclusion

This article has addressed the problem of noncommensu-
rate systems from the point of view of physical consistency.



An analysis of the units involved in the mathematical
derivations routinely performed in the control of noncom-
mensurate systems provides a few tests for physical consis-
tency that can be readily applied to linear hybrid systems
where physical quantities of different nature are combined
in the controls equations. In particular, the use of eigen-
values, eigenvectors, and singular values in the control of
noncommensurate systems is shown to lead to physically
inconsistent results. This work uses examples in robotics
to illustrate the concepts discussed and presented, but the
results apply to any control algorithm based on equations
derived through the use of eigenvalues, eigenvectors, or
singular values of matrices whose elements have different
units.
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