Introduction to quaternions Quaternion properties: addition

Definition: A quaternion g consists of a scalar part s, s € R, Definition:
and a vector part v = (x,y,z), VE R3:
qg = [s,v] = [s,(x,y,2)]
g=[s,v]
g = [s,v] =[5, (x,,2)]
qg=1s, (x,y, 2)]

g=s+ix+jy+Kkz

where. q+q =[s+s,v+Vv]
= (s+s)+ilx+x)+jiy+y)+k(z+72)

i2=j2=Kk2=-1

Addition is:
ij = k .
° associative
ji=-k e commutative
Quaternion properties: multiplication Derivation of multiplication
» qq =[s, vl[s', v']
Definition:

=(s+ix+jy+kz)(s'+ix' +jy' + kz')
qq = [sS'—=V- -V, VXV +5V +5'V]
qq' = ss'+s(ix'+jy +kz') +ixs' +ix(ix' + jy' + kz') +

(ys'+jy(x' +jy + k') + kzs' + kz(ix' + jy' + kzZ'))

Note: qq = ss'+sv' +s'v+ix(ix' +jy + kz') +
a-b=ab +ab +ab =b-a Jy(ix' +jy' + kz') + kz(ix' + jy' + kz')
axb=(ab, —ab,ab -ab,. ab —-ab)=-bxa qq = s8'+ sV +5'V—(xx'+yy' +z7) +

ix(jy' + k') + jy(ix' + kz') + kz(ix' + jy')




Derivation of multiplication (continued)
qq' = ss'+ sV +5V—(xx'+yy +z7)+

ix(jy' + kz') + jy(ix' + kz') + kz(ix' + jy')

Now:

ij=k,ik =—j,ji=-k,jk=i,ki=j, kj=i

Derivation of multiplication (continued)

qq = ss'+sV +5'V—(xx'+yy +z7) +

xyk—xZ'j—yx'k+yZi+zx'j—zy'i

qq = ss'+sV +s'Vv—(xx'+yy +z7)+

(' —zy)i+ (zx' —x2)j + (xy' —yx)k

So:
qq = ss'+svV +s'v—(xx'+yy' +z7)+ qq = SS'+SsV+sSV-v-V+VXV
xyk—xz'j—yx'K+ yZi+zx'j—2y'i = [s8'=V- -V, VXV +5V +5'V]
Quaternion properties Quaternion properties
Conjugate: Inverse:
ldl = Joa+ g = q*/lql?
Note: Note:
qq* = [s2= (V- (1)), VX (V) +5V 4 5(=V)] aq7' = q7'q = qq*/lql* = lql>/lql? = [1, 0]
= [s2+Vv-v,0]
So:

lgl = 52 +x2+y2+22

Unit quaternion: |g|| = 1




Quaternion rotations

Any unit quaternion can be expressed as:
g = [cos(0/2), sin(0/2)K]
where,

k = (ko ky k).

Such a unit quaternion represents a rotation of 6 about the
vector K.

Quaternion rotation
Let,
p = (px’py’pz)

denote the Cartesian coordinates of a point in 3-space.

Rotation of p by 0 about the vector k to p':

p = [0, p]
p = [0,p']
pP' = qpq*

Quaternion rotation: angle-axis equivalence
P = qpq*
Remember:
qq = [s8'—v -V, VXV +5V +5'V]
So:
p' = [s, vI[0, plls, -v]
p = [-v-p,vXp+splls, —v]

. [-s(v-p)+(VvXP) - V+s(p-V),
—(VXP)XV=s(pPXV)+s(VXP)+s2p+Vv(v-p)]

Quaternion rotation: angle-axis equivalence
. [-s(v-p)+(vXP) - V+s(p-V),
—(VXP)XV—s(PXV)+s(VXP)+sip+V(v-p)]
Scalar part:
—s(v-p)+(vxXp)-v+s(p-v) =0
(Why? Mathematica)
Vector part I:
—s(pXV)+s(vxp) = 2s(vXp)
So:

p =0, ~(VXP)XV+2s5(VXPp)+sip+v(v-p)]




Quaternion rotation: angle-axis equivalence

p =10, —(VXP)XV+2s(VXP)+s2p+v(Vv-p)]

Vector part II:

(vxXp)xXv = (v-v)p—(v-p)v (Why? Mathematica)
So:

P =10,(s2=v-v)p +2s(vxp)+2(v-p)v]

p = (s2=v-V)p +25(vXPp)+2(v-p)Vv

Quaternion rotation: angle-axis equivalence

p' = (s2-v-v)p +2s(vxp)+2(v-p)V

Remember unit quaternion:

g = [cos(0/2), sin(0/2)K]

So:

p' = [cos2(8/2) —sin2(8/2)]p +
2¢0s(0/2)sin(0/2)k x p + 2sin2(0/2)(k - p)k

Quaternion rotation: angle-axis equivalence
cos® = cos2(0/2) —sin%(0/2)
sin® = 2cos(0/2)sin(6/2)

(1 -cos2(0/2) +sin2(6/2))
2sin2(6/2)

(1 -cosB)

So:

p' = [cos?(8/2)—sin%(0/2)]p +
2c0s(0/2)sin(0/2)k X p + 2sin2(0/2)(k - p)k

p' = (cos®)p + (sin@)k x p + (1 — cos0)(k - p)k

Quaternion rotation: angle-axis equivalence
p' = (cosO)p + (sinG)lA( xXp+(1- cosG)(ﬁ . p)lA(

P = (cO)p + (s0)k xp + (vO)(k - p)k

where,
c® = cosH
50 = sin®
vO = 1-cos0

Equivalent to p' = Rlz(e)p ?

(Best answered by Mathematica.)




Quaternion rotation: angle-axis equivalence
Answer from Mathematica:
P = Rﬁ(e)p
2
(kxve +¢0) (kxkyve - kzs(-)) (kxkzv(-) + kyse)

Ri(0) = I(k .k vO +k s8) (kjvO+cO) (kkvO—k s6)
(k ok v® —k s0) (kK vO+k s6) (ky2v9 +c0)

Conclusion: same as derived earlier!

Quaternion rotation: summary
Rotation through quaternions:

P = qpq*

Rodrigues formula:

P = (cO)p+ (s0)kxp+(v0) (k- p)k

Composite quaternion rotations
Assume two rotations: g, followed by ¢, :

P' = qgpqy* (first rotation)

p" = q,p'q,* (second rotation)
p' = q,(qppag*)q;*

P = (q99)p(qp*q,*)

P = (q199)p(qp%q,*)

P = (q199)r(q,9)*

Conjugate multiplication
qq = [ss'—v -V, vXV +sv +s'v] (multiplication)

(q9*q1*) = [sg —Vollsy —v4]

(Q]Q())* = ([S], V]][SO, V()])*

(g0*q;*) = (q,99)*




Quaternion to angle-axis representation Quaternion to rotation matrix
Unit quaternion: Given:
g = [s,(x,y,2)]
q = Ls,v]
what is
q = [cos(0/2), sin(9/2)ﬁ]
"mTi2"13
R = |ry ry rps|”?
50! 31 32 133
6 = 2atan(|v], s)
k = v/|v|
Quaternion to rotation matrix Quaternion to rotation matrix (cont.)
p = (s2=v-v)p +2s(vXp)+2(v p)V
Now: 100 0 2y
100 P =|(sZ-x2=y*-2H)[010[+25| ; 0 x|+
001 5
X< Xy xz
21y v2 yz| [P
0 -z vy x2 xy xz Yy
25(vXp) = 2s 2v-p)v = 2| . 2 Xz yz 2°
P) = z 0 —x P P - Xy y© yz P
-y x 0 Xz yz 22
(...see Mathematica)




Quaternion to rotation matrix (cont.)

1-2(y%2+z%) 2(xy-s2) 2(xz+ sYy)
P =1 2xy+sz) 1-2(x2+2%) 2(yz-sx) |P
2(xz—sY) 2(yz + sx) 1—2()62 +y2)

Therefore, a unit quaternion ¢ = [s, (x, y, z)] corresponds to:

1-2(y2+27%) 2(xy-s2) 2(xz+sy)
20xy+sz) 1-2(x2+z%) 2(yz-sx)
2(xz—s8Yy) 2(yz + sx) 1—2(x2+y2)

R =

Rotation matrix to quaternion

Given:
STRAVEAK!
R = |ry ryry
F31 T30 33

what is

qg = I[s,(x,y 217

Rotation matrix to quaternion

1-2(y2+2%) 2(xy-s2)  2(xz+s5Y)

R 2xy+sz) 1-2(x2+72) 2(yz-sx)
2(xz—sY) 2(yz+sx)  1-2(x2+y?)
or
52+xz—yz—z2 2(xy—s2) 2(xz +sy)
R 2(xy +5z7)  s2-x24y2-7z2  2(yz-sx)
2(xz—sy) 2(yz+sx)  s2—x?-y2+7?

Rotation matrix to quaternion

s2+xt—y2-z2  2(xy-s2) 2(xz + sy)
R = 2(xy+SZ) S2_x2+y2_z2 z(yZ—SX)
2(xz—sy) 2yz+sx)  s2-x2-yZ4z2

So:

— 2 2 2 2
ryptryp+tryy+l =357 —x"—y " —z°+
(s2+x2+y2+72)

_ 2
r11+r22+r33+1 = 45




Rotation matrix to quaternion

_ 2
r11+r22+r33+1 = 4g

52 =

Similarly:

I
Il

(1L/4)(1 41 + 7y +733)

(1/8) (L + 7 —ry—7133)
(1/74) (L =ryy +ry—133)

Rotation matrix to quaternion

1-2(y2+7z%) 2(xy-s2) 2(xz +sYy)
R=1 2(xy+sz) 1-2(x2+22) 2(yz-sx)
2(xz—sy) 2(yz+sx)  1=2(x2+y?)

r3p =Ty = 2(yz+sx) —2(yz —sx)

= 4s5x
SX = (1/4)(1’32—7‘23) sy = (1/4)(}’13—1’31)
sz = (1/4)(ryy —ry) xy = (1/4)(ryp +1y)

(1/4)(r3+73;) ¥z = (1/4)(rys +735)

Xz

I\
I

Y
I

SX

Rotation matrix to quaternion

(1/74)(1 +ry + 719y +733)
(1/74)(1 + 7y —ry—133)
(1/74)(1 =ryy +ryy—r33)
(1/74)(1 = ryy =1y +133)

(1/4)(r3p —1y3) sy = (1/4)(ri3—r3;)

sz = (1/4)(ry = ryp) xy = (1/4)(rp +ryy)

XZ

(1/4)(r3+73)) ¥2 = (1/4)(ry3 + r3y)

Now what?

Quaternion advantages

1. Do not suffer from singularities, as 3-angle conventions do.

2. Most compact way of representing rotations without redun-
dancy or singularity.




Quaternion advantages (cont.)

3. Distance metric between rotations:

d(q, p) =min[E(q, p), E(q,—p)]

= _ 2 _ 2 _ 2 _ 2
E(q,p)—J(sq ST (= x,)7+ (v, = y,) " + (2, - 7))
4. Finite-precision re-normalization of compound rotations.

5. For simulation purposes, easy to generate a uniformly ran-
dom distribution of rotations in quaternion space.

6. Computation of shortest-path, smooth, continuous-velocity

trajectories between two rotations (represented as unit
quaternions).

Trajectory generation between rotations

Linear interpolation (Lerp):

qgq1: 1)

Lerp(‘](), q1= h) = ”f(qo, ql’ h) ’ h € [Oa 1] ’

where,

Trajectory generation between rotations

Spherical Linear interpolation (Slerp):

e Constant velocity

e Shortest path
Slerp(qy. 41. h) = (q,95")"qy. he [0, 1]
or equivalently as,

Slerp(qy. 41. h) = (q,9¢*)"q. h e [0, 1] (why?)

So what’s the difference?

Linear interpolation (Lerp)
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Why nonconstant velocity?

Spherical linear interpolation (Slerp)

velocity
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